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Abstract--Presented herein are the studies of nutritional transport from capillary to tissues in 
normal and stenosed arteries. The model incorporates modified Casson's fluid representation forthe 
blood and symmetric stenosis has been assumed at some distance from the entry. Assessment of 
the severity of the disease could be made possible through the variation of a parameter named as 
retention parameter. Nutritional flux at the capillary wall is affected by the growing stenosis and 
its variation has been observed through a decreasing trend of the retention parameter from 1 to 0. 
Results for local variation of viscosity contrary to Fahraeus-Lindquist effect have been explained. 
Symmetry of the distribution of the wall shearing stress and resistance to flow and their growth with 
the developing stenosis is another important feature of this analysis. Taylor diffuslvity coefficient 
increases considerably with growing stenosis and the nutritional transport to the deeper ceils of the 
tissue will naturally decrease. 
I. INTRODUCTION 
Flow and diffusion through capillary tissue exchange systems has been identified as one of the 
thrust areas of research in the recent past. In narrow capillaries, at times, the radial transport 
becomes much larger as compared to the axial transport and it contributes to the development 
of atherosclerotic deposition. The problem of flow and diffusion becomes much more difficult 
through a capillary with stenosis at some region. The overall coupled mixed boundary value 
problem involving flow and diffusion of dissolved substances i not easily mathematically tractable 
due to the following facts: 
(1) The radial migration of the suspended cells. 
(2) Variation of wall diffusivity in stenotic as compared to non-stenotic regions. 
Several authors [1-4] proposed various representative models for blood in narrow capillaries. 
Two-three region flow models [5,6] have also been developed. Some of the research work which 
incorporate non-Newtonian behaviour of blood and which are relevant o the present problem 
are summarised here. Haynes and Burton [7], Merrill et al. [8], Charm and Kurland [9], Hershey 
et al. [10], Cokelet [11] and Lih [12] have pointed out that blood, being a suspension of corpuscles, 
behaves like a non-Newtonian fluid at low shear rate. Hershey et al. [13], and Huckaba et ai. [14] 
have shown that the blood flowing through a tube of diameter less than 0.2 ram. and at a shear 
rate less than 20/sec. behaves as a power law fluid. Viscosity depending on the local variation of 
the concentration of the suspended cells has been recently introduced by Tandon et al. [15,16]. 
These models depict flow region without a core of plug region observed in blood flow in capillary. 
Therefore for more realistic modelling one should look for a model with a yield stress. Casson [17], 
Reiner et al. [18], Charm et al. [19,20] and Merrill et al. [21] have suggested that blood inhibits 
yield stress and behaves as a Casson model fluid at a shear rate equal to 0.1/sec. In fact Casson's 
relation is an empirical scalar equation and as such not applicable to general flow fields. Perktold 
ei al. [22] represented a generalized tensor form of Casson equation which satisfies the principle 
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of material frame-indifference of continuum mechanics. This form may be quite useful for blood 
flow situations in which the velocity field is not one-dimensional; however, for a circular tube, 
the Casson equation is quite adequate. 
The Casson's relation is commonly written as 
rl/2 _112 #112 / du b l/2 - % + \ - '~r ]  ' i f r  >_ to, (1) 
du 
d-'~ = 0, if r < vo, (2) 
where ro is yield stress and/~ denotes viscosity coefficient. 
The stenosis tudied in the present study is shown in Figure 1. Stenosis geometry is idealized 
in the typical fashion by a Cosine expression as 
,[ R(z ) -Ro- [  l+cos~ Z-d-  , (3)  
if d < z < d + Lo otherwise 
R(z) = Ro, (4) 
where Lo is the length of stenosis, d indicates its location and 6 is the maximum height of stenosis 
such that 6/Ro << 1. 
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Figure I. Geometry of the artery with stenosis. 
Diffusive flux at the wall with and without stenosis may be introduced through variation of 
the permeability or retention parameter depicting the variation of diffusion through wall due to 
stenosis. Such models may help in identification, diagnosis and treatment of many cardiovascular 
disorders. 
This paper introduces a central core circumferencing a blood suspension described by Casson's 
fluid model with a very thin peripheral layer as a true representation f blood. 
2. FORMULATION OF THE PROBLEM 
Momentum equations are 
OP 10(rr )  
O= 
-~+- -  r Or ' 
8P 
0- -  
Or" 
The concentration equation for the solute is expressed as follows: 
U'-~- z = D1 k'~-r2 r -~r  ] '  
(5) 
(6) 
(T) 
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Variation of apparent viscosity (#/#o) with z/Lo for different values of 
where Ct represents he concentration f the solute, u is the axial velocity and D the diffusion 
coefficient for the solute under consideration i  the blood. 
To solve the above system of equations, the following boundary conditions are introduced: 
0u 
- -=0 at r=0,  
Or 
u=0 at r=R,  
P=Po at z=0,  
P=PL  at z=L ,  
OCt 
Or =0 at r=0,  
OCt Dt ~ = VNCt at r = R, 
(8) 
where N is the retention parameter. 
3. SOLUTION OF THE PROBLEM 
Solving for u from Equations (1) and (2), using the boundary conditions given in (8), we have 
>u = 4pl dP R2 - r2 - "38 R~I2( RSD - rs12) + 2Rc( R - r)] ' 
"< - 4,,~ dPd~ [R~ - R~' _ ~8 R~(~/ '  - R~')+ 2Ro(R- Ro)], 
for Re < r < R, 
for 0 < r < Re. 
(9) 
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Figure 3. Variation of apparent viscosity (#/#o) with 6~/P,~ for different ~'o. 
Here Rc is the radius of plug-flow region, defined as 
The volume rate of flow is defined as 
dP Rc 
To = - d'-; "T" (lO) 
I" Q=~r r2 -~rr dr. (II) 
By performing the integration of Equation (11), using Equations (9) and (10), one obtains 
Equation (12) can be written as 
where 
~rR4 -"Z;'z Q = ~ f(~)' 
f(y) -- 1 - 16 y1/2+ 4 1 
Re 
Y= ~-  << 1. 
(13) 
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From Equation (13), the pressure gradient is given by 
-dP  8p~ 
dz = ~rR4f(y)" 
The pressure drop across any point is 
(14) 
8t~Q ff dz Ap = ~ (R(z) ~ 4 , (15) 
\ Ro ] f(~(z)) 
and its ratio to the pressure drop across the length of tube in the absence of stenosis is 
lAP] fo ~z dz 
[AP]L "-'L- (RR(..~)) 4 f(~(z) 
(16) 
where to -- 1 -- 16 /7( Rc/ Ro)1/2-+ - 4/3( Rc/ Ro) - 1/21( Rc/ Ro) 4. The resistance to flow is denoted 
by A and defined as 
Po - Pr. 8p L - Lo fd+Lo dz 
A 
\ Ro } /(~(z)) 
Following Tandon and Pal [16] the apparent viscosity Pl/P is defined as follows: 
E£_  1 
w 
The shearing stress at the wall can be defined as 
2 
. d r / , .=Ro) J  
To solve Equation (7), we use the following nondimensional quantities: 
z - ut r 
x-  ---T-, ~=~,  
Co' n=~"  
Hence the Equation (7) takes the form 
02C1 1 0~1 vRUo 0-C1 
O0 - -T + -~ ~ = D1L Oz ' 
together with the boundary conditions 
0U1 
&/ =0, 
- -  0UI 
D1 ~ = VNC1, 
at 7=0, 
R 
at 7= ~- ,  
(17) 
(18) 
(19) 
(2o) 
(21) 
(22) 
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Figure 4. Variation of wall shearing stress (v,) with z/Lo for different 5,/Ro. 
where v = u - ~ and N = retention parameter and 
R°~ - -g ;  + 2R'~° g.,o . .  g ~o . _ ~ Rl2 -- .Z/2/~13/2 -- 
The  solution for Cz from Equation (21) subject to the boundary conditions (22) is given by 
(5"' "=)] ="'" +271~ - ~ - 4D1L  Oz + A ,  
where 
(23) 
A = L4pL 2 
--5-- ~ )} -  ~ ).1 a:" 
The volumetric rate at which the solute is transported across a section of the artery of unit 
breadth is 
M = 2rR2o "ClviTdi 1 . 
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We get, on integration, 
Rso~ Ro,7~ ,6_  ,7~ (R,)3] o~t 
M= -~zL2 [ - -~- (R)  ~ 0z " (24) 
Following Taylor [23], we assume that the variations of ~z are small as compared with those 
in the longitudinal direction, and if Czrn is the mean concentration ver a section, -~.  is indis- 
tinguishable from ~ Equation (24) may be written as 
0z  ' 
R~ rRo,7o (R,)6 ,7o 8] O'Vlr. 
M = ~ [ 8# - ~ (1~) az (25) 
This shows that Czm is dispersed relative to a plane which moves with the velocity g exactly 
as if it were being diffused by a process which obeys the same law as molecular diffusion but with 
a relative diffusion coefficient D*, called Taylor-diffusion coefficient defined by 
D. = ~R~g Fo, (26) 
Dt 
where 
1 [Ro~o (R,)0 ~o ,8] ro=~ L 8p -~(R)  . (27) 
The fact that no material is lost in the process is expressed by the continuity equation for Czr., 
namely 
OM O-Czm 
Oz - Ot  ' (28) 
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Figure 6. Variation of flow resistance (A) with Lo/L for different 6s/Ro. 
where (~)  represents differentiation with respect o time at point where z is constant. 
tion (28) using Equation (25) becomes 
Equa- 
m 
OCl,n _ D* 02-Clm (29) 
Ot Oz ~ ' 
which is the equation governing the longitudinal dispersion. Equation (26), using Equation (23), 
can also be written in the form 
D* cgP RSo 
= 0z " D'-~ F1, (30) 
where 
El- R'~/(y) [Ro,l~ ,7o ] 
8~L~ L s t  (R')6 - ~ (R')s " (31) 
The results of the analysis presented above for different values of the parameters involved have 
been presented in graphs numbered from 2 to 9. These results are discussed in detail in the next 
section. 
4. RESULTS AND DISCUSSIONS 
It may be observed from Figures 2 and 3 that the apparent viscosity increases as the stenosis 
grows. But the same is not true in the absence of stenosls. In a norma~ artery, it is seen that the 
apparent viscosity decreases as the radius decreases, which is referred to as Fahraeus-Lindquist 
effect. 
The development of the arterial stenosis accelerates the velocity of the plasma in between the 
cells, i.e., plasma squeezes out. This in turn increases the concentration of the red cells and 
the viscosity of the blood in stenotic region, therefore, increases. As a caution, one should not 
misinterpret the Fahraeus-Lindquist effect observed in straight pipes of uniform radius with that 
of decreasing radius in axial direction owing to the development of stenosis. Our results are 
therefore consistent to the experimental observations of Fahraeus [24] and Cokelet [25]. 
Restricted to laminar flow conditions only, one may observe, from Figures 4 and 5, that wall 
shearing stress is symmetrically distributed in the stenotic region and is maximum at the max- 
imum depth of the stenosis. The wall shearing stress is uniformly distributed in non-stenotic 
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Figure 8. Pressure drop versus Z/L for 5/tto = 0.2. 
regions which is an obvious well known fact. Similarly, the flow resistance, Figures 6 and 7, is 
also symmetrically distributed in the stenotic region and uniform in non-stenotic regions. Thus, 
the results for resistance to flow and wall shearing stress are similar in stenotic and non-stenotic 
regions. The symmetry of the curves may be attributed to the assumed geometrical configuration 
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in addition to the maintenance to laminar flow regime. These results agree to those obtained by 
Misra and Chakravarti [26] and Chow and Soda [27] for viscous fluids as a limitation (to ~ 0). 
Table 1, Variation of axial diifusivity coefficients with yield stress Vo. 
0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
F0 x 102 El x 103 
0.1039010 0.5029959 
0.0406279 0.0432910 
0.203199 0.0429686 
0.0026882 0.0037191 
0,0010902 0.000595 
0.000439 0.000287 
0.000109 0.000183 
0.000098 0.000134 
0.000075 0.000105 
0,000042 0.000086 
0.000031 0.000072 
The symmetry of these curves may be attributed to the assumed symmetry in the geometrical 
configuration of the stenosis. Wall shearing stress also increases harply with concentration of 
the suspended cells, owing to the corresponding increase in viscosity. The diabetic patients are 
more prone to various cardiovascular diseases due to increased viscosity [28]. In medical practice, 
the immediate remedy is to dilute the blood by way of injecting saline water intravenously. The 
increasing values of the stenosis further increase wall shearing stress and resistance to flow. 
Nondimensional pressure drop from the entry to any location within the tube has been shown in 
Figures 8 and 9. The increasing values of yield stress increase the pressure drop in the converging 
part of stenosis and become linear in the diverging part of stenosis. The pressure drop increases 
rapidly with the growth of stenosis. In the absence of stenosis pressure drop increases linearly 
with axial distance (z/L) for each value of yield stress. 
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The paper incorporates the more realistic representation for blood in small diameter pipes. 
Casson's fluid model appears to be more realistic in the sense that the central core region is 
easily represented. The non-Newtonian ature of this fluid is helpful in the flow of blood in small 
diameter tubes, as discussed above. 
From the table of the variation of the Taylor diffusivity coefficient, we observe that the non- 
Newtonian nature of the blood decreases the values of the expressions Fo and Fz which, in turn, 
decreases the Taylor diffusivity coefficient defined by Equations (26) and (30). The functional 
values of Fo and Fz increase more rapidly with the increasing values of the stenosis. 
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